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DON’T BURY THE LEDE



THREE LECTURES

Lecture 1: Background and motivation

Lecture 2: Odometer based and circular systems: Global 
Structure Theorem

Lecture 3: The simplex of invariant measures



HISTORICAL MOTIVATION



HAMILTONIAN SYSTEMS



Hamiltonian Systems were developed in the 
mid-19th century as a way of formalizing 

mechanical systems 
(such as Newtonian Mechanics) 



HAMILTONIAN SYSTEMS



HAMILTONIAN SYSTEMS

H is the energy function



LIOUVILLE’S THEOREM



KHINCHIN’S THEOREM



KHINCHIN’S THEOREM

The smoothness of M matches the smoothness of H
and the system restricted to M is ergodic.



ORIGINAL MOTIVATION: 

STUDY THE PROBABILISTIC BEHAVIOR 
OF DIFFERENTIAL EQUATIONS
AS THEY EVOLVE THROUGH TIME.



BACKGROUND



BACKGROUND



BACKGROUND



THE TOPOLOGY ON MPT



BACKGROUND



TYPES OF QUESTIONS



MOST PROMINENT 
REALIZATION  PROBLEM



OPEN EVEN IN A SPECIAL CASE



AN EASY OPEN QUESTION

Which is it?



AN EASY OPEN QUESTION

Which is it?

One answer wins the jackpot. 

I conjecture the other direction—that a generic 
MPT CAN  be realized.



MOST STANDARD SETTING



SYMBOLIC SHIFTS



TRANSLATIONS ON COMPACT 
GROUPS



THE SPACE OF INVARIANT 
MEASURES



LONG HISTORY



ERGODIC TRANSFORMATIONS



THE SPACE OF MEASURES



THE SPACE OF MEASURES

We will often implicitly assume
that the underlying space is compact.



ERGODIC DECOMPOSITION 
THEOREM



WHAT SIMPLEXES OF INVARIANT 
MEASURES ARE POSSIBLE?



KRIEGER’S THEOREM



KRIEGER’S THEOREM

So every ergodic transformation has a 
uniquely ergodic realization. 



OXTOBY’S THEOREM



WILLIAMS’ THEOREM



DOWNAROWICZ’  THEOREM





TOEPLITZ SYSTEMS



TOEPLITZ SYSTEMS



TOEPLITZ SYSTEMS

Downarowicz construction used dyadic Toeplitz sequences



WHAT ABOUT MANIFOLDS?

So there are examples of diffeomorphisms 
that are uniquely ergodic.



WHAT ABOUT MANIFOLDS?

So the collection of extreme points is dense



MAIN THEOREM



MAIN THEOREM

A REALIZABILITY THEOREM (of sorts)



DEFINABILITY



A PICTURE OF THE BOREL SETS





FAMOUS MISTAKE OF LEBESGUE



EXAMPLE: TREES



COMPARING SETS



REDUCTIONS: 
ONE DIMENSIONAL

Note that this is a transitive pre-ordering



REDUCTIONS: 
TWO DIMENSIONAL

Note that this is again a transitive pre-ordering



HEURISTIC



HEURISTICS

In practice these  heuristics are true.

If A is not Borel, then B is not Borel
If E does not have complete invariants then F doesn’t either 



COMMON SOURCES OF EQUIVALENCE 
RELATIONS



AN IMPORTANT EXAMPLE



AN IMPORTANT EXAMPLE



AN IMPORTANT EXAMPLE

These two examples are convenient 
because they are canonical examples of 
equivalence relations that are NOT Borel



SOME BENCHMARKS



BENCHMARKS
Complete numerical invariants



BENCHMARKS

Equivalent to not having complete numerical invariants



BENCHMARKS

Friedman Stanley jump



BENCHMARKS

Maximal S-infty action



Borel equivalence
relations

countable equivalence
relations

S1-actions

Polish group
actions

Analytic Equivalence Relations

Isomorphism of
countable graphs

Isomorphism of
Banach Spaces

Maximal unitary
group action

Bi-Lipshitz equivalence
of compact metric spaces Unitary conjugacy of

normal operators

Maximal `1-action

Abelian Polish
group actions

The Zoo
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A RECENT THEOREM FROM 2009



A RECENT THEOREM FROM 2009



A RECENT THEOREM FROM 2009

The witnesses to isomorphism are not in [T]



SABOK’S THEOREM



SABOK’S THEOREM



SABOK’S CONJECTURE



Borel equivalence
relations

countable equivalence
relations

S1-actions

Polish group
actions

Analytic Equivalence Relations

Isomorphism for ergodic
measure preserving
transformations

Isomorphism for ergodic
di↵eomorphisms

Isomorphism of
countable graphs

Isomorphism of
Banach Spaces

Maximal unitary
group action

Maximal Polish
group action

Bi-Lipshitz equivalence
of compact metric spaces

Unitary conjugacy of
normal operators

Maximal `1-action

Abelian Polish
group actions

The 
Zoo

OMG!!!



THE END 
(BUT JUST THE BEGINNING)
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GOAL OF LECTURE 2 AND 3

Outline a proof of:



GOAL OF LECTURE 2 AND 3

Outline a proof of:



WHAT CAN YOU SAY ABOUT THE 
GROUP MPT AND ITS CONJUGACY

ACTION?



IS THERE A STRUCTURAL OBSTACLE TO 
REPRESENTING EVERY ERGODIC 
TRANSFORMATION AS A DIFFEOMORPHISM?



MEASURE PRESERVING 
TRANSFORMATIONS

Consider the group of invertible measure preserv-
ing transformations of [0, 1] with the weak topol-
ogy.

It has various names such as Aut(�), but we will
simply call it MPT.



THE MOST OBVIOUS QUESTION

Is every automorphism of MPT inner?

Yes and the group is simple.

Eigen ’81, Fathi ’78



WHAT OTHER STRUCTURE 
MIGHT BE RELEVANT?

Objects The Ergodic Transformations E

Structure Factors/Extensions, compactness, mix-
ing properties, invariant measures



WHAT OTHER STRUCTURE 
MIGHT BE RELEVANT?

Objects The Ergodic Transformations E

Structure Factors/Extensions, compactness, mix-
ing properties, invariant measures

Notation for the set of 
ergodic transformations



HOMEOMORPHISMS OF E THAT PRESERVE 
ISOMORPHISMS AND THE FACTOR PARTIAL 
ORDERING

Some obvious homeomorphisms are compositions
of:

• the map T 7! T�1

• conjugations: T 7! �T��1.

There are more...



OPEN QUESTION

Is there a non-trivial homeomorphsm � : E ! E
that preserves isomorphism and the factor partial
ordering?



FOCUS OF THIS TALK



UPSHOT OF THE TALK



THIRD TALK



DIAGRAM OF THE 
CONSTRUCTION

Downarowicz Toeplitz construction

An odometer based system O

The transformation of O into a circular system C

Realizing C in a manner that preserves the simplex



DIAGRAM OF THE 
CONSTRUCTION

Downarowicz Toeplitz construction

An odometer based system O

The transformation of O into a circular system C

Realizing C in a manner that preserves the simplex

A small complaint: 
Each step is a paper 
or two that are 30-75 

pages



SPECIFICALLY RELEVANT TODAY



ODOMETER TRANSFORMATIONS



CONSEQUENCES OF HALMOS-
VON NUEMANN THEOREM



CONSEQUENCES OF HALMOS-
VON NUEMANN THEOREM





The u’s are called “spacers”



LIMITS OF 
CONSTRUCTION SEQUENCES



{



ODOMETER BASED 
CONSTRUCTION SEQUENCES





ODOMETER BASED SYSTEMS HAVE A 
CANONICAL ODOMETER FACTOR
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ODOMETER BASED SYSTEMS HAVE A 
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ODOMETER BASED SYSTEMS HAVE A 
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ODOMETER BASED SYSTEMS HAVE A 
CANONICAL ODOMETER FACTOR



ODOMETER BASED SYSTEMS HAVE A 
CANONICAL ODOMETER FACTOR



PROPERTIES OF K



THE POINT



LOOKING’ GOOD EH??



LOOKING’ GOOD EH??

We were lucky ….



YEAH YEAH …



AUGMENTATIONS



UPSHOT



IN ENGLISH



SO WHAT??



A PRE-EXISTING THEOREM



A PRE-EXISTING THEOREM

Odometer Based systems

Circular Systems



WHY ARE “MOST”  TRANSFORMATIONS 
ODOMETER BASED?



INFORMAL STATEMENT



THE PLAN



CIRCULAR SYSTEMS



WHAT’S THE POINT?



ONE MORE NUMBER



Raising a letter or a word to a power means
repeated concatenation ….. 







WHY “CIRCULAR” ???



WHY “CIRCULAR” ???



A TRIVIAL DEFINITION



TWO CATEGORIES



TWO CATEGORIES



TWO CATEGORIES



THE THEOREM



THE THEOREM

It follows that F is a preserves isomorphism and 
non-isomorphism—it is a reduction!!





NEXT TIME: 
THINGS GET TECHNICAL 



THE END
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APPLICATIONS OF THE GLOBAL 
STRUCTURE THEOREM



APPLICATIONS OF THE GLOBAL 
STRUCTURE THEOREM

So E is S-infty complete



FURSTENBERG’S CLASSIFICATION



FURSTENBERG’S CLASSIFICATION



DISTAL RANK



USING THE GLOBAL STRUCTURE 
THEOREM



SO:

GENERAL ERGODIC MPTS (AND 
DIFFEOMORPHISMS)  ARE NOT 
CLASSIFIABLE …



GENERAL ERGODIC MPT’S ARE NOT 
CLASSIFIABLE …

WHAT ABOUT SPECIFIC CLASSES:
E.G.  WEAKLY MIXING 
TRANSFORMATIONS.

Both abstract MPTs and diffeomorphisms… 



HIGHLIGHTS

The following were proved generalizing our techniques



HIGHLIGHTS

Each of these results require 
long and difficult arguments.



TODAY’S MAIN TASK



TODAY’S MAIN TASK



START WITH ABSTRACTIONS



EMPIRICAL DISTRIBUTIONS
A slightly oversimplified presentation



(assume that the lengths of the spacers U_i is negligable)



GENERAL (VAGUE) FACT



CONSEQUENCES OF THE 
ERGODIC THEOREM



WHAT’S THE POINT?



WHAT’S THE POINT

T will be the diffeomorphism 
we build on the torus.



IN ENGLISH



THE HARD PART



TEST SEQUENCES





IDEA OF PROOF



TWO JOBS



BUILD THE DIFFEOMORPHISM







GENERALITIES



GENERALITIES



GENERALITIES



THE TRICK



THE METHOD



THE METHOD



THE TRICK



TO DO





ANOSOV-KATOK NUMEROLOGY

Let
↵n = pn

qn

Then

↵n+1 = ↵n + 1
knlnq2n



HORIZONTAL PARTITIONS
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IN ENGLISH



THE PICTURE

.

.

.

.



THE PICTURE

.

.

.

.



THE PARTITIONS







1 2 3 ...

Dynamical ordering of 1/q_n intervals
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1 2 3 ...

Dynamical ordering of 1/q_n intervals

...



SUPPOSE WE HAVE THE RIGHT 
NAMES IF WE HAVE THESE MAPS



TRICK WITH ROOTS IN FAYAD 
AND KATOK

A bad generic orbit



TRICK WITH ROOTS IN FAYAD 
AND KATOK



TRICK WITH ROOTS IN FAYAD 
AND KATOK



THANK YOU!


